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Proof. We show that (2.3} and (2.4) imply that conditions {1.7) and {1.8) are satisfied by the p.m {P inl, Pelx"eol)
We have VX:I{X €C: (M »>a)={X e Cg: [¥(Xg)| > a} and since x*(Xo)l < || Xelj, for x* & oy, we deduce that (X ¢
Ce: ix*(Xp)| > a} € {X € Ce: | Xo{ > a}. Consequently we have PV;;l{x e %0 > a} < P{X e Cg: || Xoll = a}. Hence

if (2.3) is satisfied, {1.7) will be teo for all the p.m PVX*l. for Pe I and x* € 5. On the cther hand VX:] xeC: w2
eb=1{X & Cg: wyax(8) 2 &} and by (14), we have @y, x{8) < wx(8), for x* ¢ ai. S0 we deduce that {X € Cg: we.x(8) 2

ey C (X € (e wx(8) 2 &) It follows from {2.4) that (1.8) is satisfied by all the pm PV,;;T, for Pl and ¥* ¢ 0. This

proves the tightness of the family {PV;E, Pelxcof). O

Remark. It seems difficult to get the tightness of the family I itself, only from conditions (a) and (b). More should be
imposed either on [~ or on the space E. This problem has been considered in [4], in a somewhat different setting, when £
is the dual of a nuclear Frechet space,

In Section 3 we will consider the case E = C, then by strengthening the preceding conditions on I, we get the tightness
of this family with the help of the Arzela-Ascoli theorem for vector-valued functions.

First let us note the following consequence of Theorem 2.2.

Theoretn 2.3. Let ) be a probability measure on [0 1] and let us consider the bounded operator T : Cg ~> E given by the Bochner
integral:
Xelg, TX= ] XsdA(s).
[01]
Let I" be a family of probability measures on C, satisfying the conditions (a) and (b) of Theorem 2.2. Then the family {P(x* o T)77,
Pe ', x" o} is atight family of p.m on R. The same conclusion fhiolds with A any bounded real measure on {0 1),

Proef. Let ¢ be the bounded functional on C given by @(x) = f[a 1]x(s) di{s), x € C. Then we have p(Vp (X)) =px o X) =
fm “x*{xg)d}u{s). But by the Bochner integral properties, we get:

/x*(Xs)dl(s):x*( szdA.(5)>:x*(T'X).

0 1]

S0 we deduce that wo Ve = x"o T, for every x* € E*. From Theorem 2.2, the family of p.m {PVX’J, Pelx"cof)is tight.

Conseguently, by appealing to Lemma 1 of [1, p. 38}, the family {P V;;lga”‘;, Fe @ x"eof}is tight on R By the refation
just proved, this last family is exactly the family {P(x* e 1)}, Pe I x* < a} we need. O

3. Tightness of probability measures on the space C{{0 1], ()

In this section we prove a tightness theorem for p.m on the space C([0 1],C), simifar to Prohorov theorem on the
space C {1, Theorem 8.2]. First we need;

3.1 For each X € C([0 1], (), define the new modulus of X by the recipe;
My (8) = Supwx, (§) (32)
I3

where ey, (8) = Supy,_y|.s [Xe{u) — Xe(v)| is given by Definition 1.3 for X, € C.

Just a little work is needed to prove that My (§) has the foilowing features of a usual modulus:

(a) Mx(5) — My (3)] < 20X ~ Y1, for all X, Y in C([0 1], C).
(B) My(8) > €, 8 — 0.

A little inspection at (1.4) and {3.2) shows that the moduli My (8) and wx(5) are the measures of two different kinds of
oscillations for the function X; however hoth are needed in the following theorem.

Theorem 3.3, Let I” be a family of probability measures on C([6 1}, C) satisfying the conditions:

Vi >0, 3230 Pl){: 5up|xf(0)§ga]>1—n, forali Per, (3.4)
t

Ve=0,¥n>0,30<8<1: P{X: wx(@)<e]>1-n foralPel (3.5)

Ve=0,Y7>0,30<8<1: P{X:Mx(8)<e}>1-1n, foraiPerl. (3.6)

Then the family I is tight,
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Conditions {3.5), (3.6) prevent most of the functions X to have too big oscillations.

Proof. Let £ >0 and let j be an integer with j 2 1. Then choose ¢ and 85, 0 < 4; < 1, 50 that, if A = {X: Sup, |X.(0}! < a),
Bj={X: wx{dj) < %}, Dj={X: Mx(§;) < %}. we have:
forall Pe I

P(A)>1-~~g~, P(B)) =1 P >1—

£ £
Now put B={1;8;, D={);D; and H=ANBnND. Then we have for all P ¢ I, P(H) > 1 —¢&. We show that H is
relatively compact. By the Arzela-Ascoli theorem for vector-valued functions {2, p. 81}, it is enough to prove that H is
equicontinuous and that the orbit set Hy = {X;, X € H} is relatively compact in C for each t € [0 1}. Since H C By, ¥,
we have Supy.pn wx(8)) < Supycpg wx(d;) < } ¥j. 50 we deduce that Lim;Supy.y wyx(3;) = 0. From this it follows that
Limyop Supyey wx (8) = 0, whence the equicontinuity of H.

We turr to the relative compactness of the set H;. We apply the Arzela-Ascoli theorem for scalar functions in the
space C [1, p. 221].

First we have SuDycy |X: (0} € SuUpyea {X:(0)] < oo, since H C A. On the other hand we have also H € D: so for every j,
Supxen Mx(85) < Supxep Mx(dp) < 3.

Consequently LimjSupyqy wx, (3;) =0, and then it follows that Limg..o Supycy @y, (8) = 0. This proves that H, is rela-
tively compact in C, and achieves the proof. DO

4. Uniformly o -additive sequences of probability measures

in this section we will prove tightness for a sequence of p.m, under the conditien of uniform o -additivity defined as
follows:

41 A sequence {Py) of p.m on a measurable space ¢§,F) is said to be uniformly -additive if for every sequence
(Ap) ¢ F decreasing to ¢ we have:

Lii:'n Pr(Apy =0, uniformly inn2z1,.

For example, if » is a positive finite measure on (5, F) such that Limyay—o Pu(A) =0, uniformly in n 2 1, in which
case we say that P is uniformly re-continuous, then the sequence (Py) is uniformly o-additive.

Theorem 4.2. Let S be a polish space (i.e. a metric complete separable spuce) with its Borel o -field Bs. Then every uniformly o -additive
sequence {Py) of p.m on Bs is tight.

Proof. Let ¢ > D. Since each single p.m P, is tight, by Theorem 14 in [1], for each n there is a compact set K, of S

such that Py(Kn) > 1 — £ Let Hp = U;?:} K; and H =1}, Kn. Then Hy is compact for each n and H = H, U (H\Hy) for

all k, Sinwce H\Hj ™\ ¢, we get by the uniform o-additivity Py (H\Hy,} < % for some ko and all n. Now we have P,(H) =

PriHiy) + PatH\Hiy) < Pp(Hy) + 5 and then 1~ % < Py(Kp) € Po(H) < Pp(Hi,) + £ for all n. So we deduce that:

Hy, is compact and  Pp(Hp)>e, foralln

This proves the tightness of the sequence (P,).
As a consequence we have:

Theorem 4.3. If £ is a separable Banach space, every uniformly o -additive sequence (Py) of p.m on Cg is tight.

Proof. Since [0 1] and £ are separable, the function space Cg is a polish space, so the result follows from Theorem 4.2. 0
Now we turn to the weak convergence of pm on Cp. We wili need the notion of a determining class:

Definition 4.4. A family ¥ of Borel sets of (g is called a determining class of the p.m on Cj if any two p.an that coincide
on 3 are identical.

For exarnple any algebra generating the Borel o-field is 4 determining class.
Consider for each n = 1 the product space £* with the product topology, then the following is well known:

Proposition 4.5. if £ is separabie, then the product o-field of E” is exactly its Borel o -field.

From now on, we assume that E is a separable Banach space,
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4.6. For each n > 1 and each finite set sq,57,...,8, of points in [0 1], let Ts,.53....,5, o€ the projection from Cp onto E”
defined by: 15,5, 5, (X) = {Xs, Xogo ooy X 0o 1t Is clear that 74, 5, 5, is continuous, hence Borel measurable. A cylinder
set of the space Cg Is a set of the form "5{{,152,...45,, (A), for some n = 1, 51,53,..., 5, in {0 11 and some Borel set A of E". It is
easy to see thar the family of cylinder sets is an algebra on Cg. Moreover we have:

Proposition 4.7, If E is separable, the algebry of cylinder sets generates the Borel o-field of C. Consequently it is a determining class
Jor the pmoon Cg.

Proof. Let € >0, X € Cg, and n 2 1. Consider the following sets in Cg:
B{X,S}z{‘{e(fg; Sup Xy — Vel @},
t
En,X,a“""':{YECE: IX: =Y f<e, i:'l,Z,.,,,n}.

Then B{(X,&} is a closed ball, Ey x» 8 cylinder set and we have B(X,g) = ﬂn Ey x.6. S0 the o-field generated by the
cylinder sets contains the closed balls of Cg. Since Cg is separabie, each open set is a countable union of closed balis and
then belongs to this o-field. 3

Theorem 4.8, Let £ be a separable Banach space and let (Py) be a tight sequence of p.m on Cg. Assume that ail the finite dimensional

distributions Py TsT,isz‘.... 5, are weakly convergent, Then the sequence (P} itself is weakly convergent.

Proof. For each k and each finite set 51,53, ..., 5, of points in [0 1], there is a p.m Asisa,...5, OT £¥ such that P”TS';}S? ‘‘‘‘‘ 5 =

Asy,52,...5,- ON the other hand, by Theerem 1.2{(a), each subsequence P,y of P, contains a further subsequence Py- converging

weakly tc some p.m Q. But then we will have Pyt = Q17! , by the continuity of 7, 5, . 50 we deduce
y 51.82,...,5g S1.52,.0., 85, y 192 k

that Q r_;f_gz“__‘sk =Asy.53....5, and since, Proposition 4.7, the cylinder sets form a determining class, the p.m Q is unigue. By
Theorem 2.3 of [1], Py = Q. O
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