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Abstract

A new algebraic method is devised to obtain a series of exact solutions
and more general solutions to a system of Drinfeld- Sokolov-Wilson and
New exact solution for a system of nonlinear Fuler equations are obtained
by using Jacobin elliptic functions based on the idea of the homogeneous
batance method {1-5].

1 Introduction

The investigation of the exact solutions of any mathematical model Hke Non-
linear FEuler equation and Drinfeld-Sokolov-wilson play an important role in
the study of the physical phenomena. The exact solution, if available, of any
physical phenomena facilitates the verification of numerical solvers and aids in
the stability method to find some solitary wave solutions of multi-component
nonlinear Schrddinger and Klien-Gordan equations. Wang [7] gives the solitary
solutions of the approximate equations for long water waves , the coupled KdV
equations, dispersive long wave equations in 2+1 dimensions and obtained the
solitary solutions of two types of variant Boussinesq equations by using a ho-
mogeneous balance method . [2] contract the solutions of the partial differential
equations in the hyperbola functions. The idea of homogeneous balance method
used to construct the soliton solutions for the nonlinear partial differential equa-
tions (for example [6-100}.

Fan {4,5] use an extended tanh-function method and symbolic computation
to obtain the soliton solutions for generalized Hirota-Satsuma coupled KdV
equation and a coupled MKdV equations and use the Jacobic elliptic functions
to contract the soliton on the form ».." ., a;sn(z)* solution of system on the
elliptic functions.

In this work, we are looking for the soliton solutions of the nonlinear Euler



equations of the following type :

Up + Uy + Uity + e = 2 + Uy Y)
Uy Uy + U0y + Pe = 2(Up2 + vyy) (1)
Uy + vy = 0.
We use the Jacobic elliptic functions to contract the solition solutions of non-
Iinear Euler equations and using a developed a new algebraic method which
further exceeds the applicability of the tanh method in obtaining a series of
exact solutions of nonlinear equations [11-17]. We apply this method to solve
one-dimension Drinfild-Sokolov-Wilson equation
Wy + pppr =0
Pr b QP + Ty + 00 = 0.

(2)

Where p, g, 7 and s are arbitrary parameters. This is successfully constructing
various kinds of exact solutions.

2 sn{z) - cn(z) method
For a given a partial differential equation
H{t, 1y, Uy, ty, Uggy -+ ) = 0. (3)

We geek its solution in the form

1

u(€) = ag+ Y sn*HEH asn(g) + bien(€)) (4)

=1

where £ = At + dew 4 Agy and sn{€), en{é) are Jacobic elliptic functions. The
parameter 7n can be found by balancing the highest order linear term with the
nonlinear terms. The Jacobi elliptic functions su(€), cn(€) and dn{€) possesses
properties of triangular function [1].
dn®(€) = 1 — k?sn®(¢)

(sn(£)) = sn(&)dn{xi)

(en(8)) = —sn(€)da(zi) (5)

(n(€))" = —k*sn(&)en(§)

sn? (&) +en®(€) =1

fl

where k is a modules . Substituting (4) into (3) and using (5} will yield a set of
algebraic equations, from which can be obtained. In this work, let us consider
system (1) by using the method above. We make the transformations u{t, r, y} =
U vt zy) = V(&) and p(t,z,y) = P(£) where & = At 4+ Agx + Agy, the
system (1) becomes

U'(E) [Ar + AaU(E) + A VI{E)] + M P(€) — 2002 + 2 U™ () = 0,

VIEY My A+ AU (E) + AV ()] + M P(E) = 200 + AH V(&) =0,  (6)
AU(E) 4+ MV (&) = 0.



Balancing the highest - order linear term with nonlinear term in (6) admits the
following ansatz:

U(€) = ag + aysn(€) + agen(€) + azsn®(€) + agen(en{€),
VI(E) = by + bysn(€) + boen(€) + bysn?(£) + bysn(&)en{€), {7
P(&) = acy + cisn(€) + cpen(E) + easn®(€) + cpsn(€)en(€)
Substituting (7) into (6) and using maple vield an algebriac system for a;, b;, ¢y,
(t=0,1,2,3,4) and Ay, ha, Mg
—Agzhy — Agagag — Aacy + 2hsbyay + 2Aganas + 2hnaiay -+ Asbiay — Ayag + Ngorhs = 0,
—2Agbgas — 2Azbyay — dAqagas = G,
~2A3b104 — Asbyay — 2Xgbsas — Asbzas — 3Asaz0z — 3hgaga: = 0,
A10q + Azboay + Ashgar + Agasay =90,
—Asbgas + 2Mzbiag 4+ 3Azaias — 3heasag — 2Azashs + Agbyay =0,
—Q}.Qaﬁ 4 2Ag9b3a3 — 2A3bsas 4 2,\2@% = ),
8AZha + 27\3bak? + 22204k + 82Tk, = 0,
Agagan + Agboay + Ajay ++ Ager + Azbpay + Agaga = 0,
Aacy + Agagay = 0,
=20 + Ay = 0,
—2(A% 4+ A1)y = 0,
—2(\ + Aiybg = 0,
—2(A3 + Af)by =0,
—2(A3 + Af)bs = 0,
2Xhsag + 2hgbs = 0,
Ag0p + Aghy =0,
“Apy — Agha = 0,
Agay + Ashy = 0,
—2hobgag — dAsbsby — 2hqa4bs = O,
Aabiaa 4 3N\3bsbhy — Agagby — 3hsbyba — 2Agazaq + 2hg01ky = 0,
~2.3b3 — 2Dgbgay + 2Asbans — 2A3b7 =0,
Aghaaz + Aby + Aser + Aabrag + Agbaby + Agbiby =0
8A3bsk® + 8AZby + 8AZhak? + 8AZhs = 0,
20301 + 2A5h; + 2230, K% + 2203 k7 = 0,
Anbaap + Agcq + Asbady < Asbybe + Aoashy - by = 0,
—Azaaby — 3Agbabs — Agagds — 3Aabiby — 2X0a1hy — 2Azbsas = 0,
—2X1by — AgbZ ~ Agboas + Aabgay + Nabray 4 2hgcs + Ash? — Asb? 4 2Xqbybs + 20a9bgag = 0,
—Aiby — Ashoag + 2Aababa - Asboby + Mabyay -+ Avayhs + 2habibs — Ages + 2Aqushy = 0,
2Ap04Dy — (Agaz — 2A3b1)by — 2504 — Aaaiby + (Anas ~ 201 — 2haag + 3Aaby — 2X3bg )by = 0,
~(Aghy + 2Xa1)ag ~ Agbaay — (2Agbg + 2Xaay - Agby — 6AjAgas)ay — 2hzey + 2hga5by = 0,

2Azazby — a%)\z — Agboag + 2 a3 T 2Azapas + Asbiay + 200y + (]Jﬁ)\g + a%)\g + Aabyay = 0.



With the aid of Maple, we find the set of solutions:

Case 1. .
ag = E"j“, ag = thy, Ar = = Aabg,
b3
: caby .
as = iby, 2= - Az = iAg (8)
3
:?
az = b, a;-—fiii{, = =a =0
bs
where by, bg, bs, by, Az, 0o and ¢3 are arbitrary constants.
Case 2.
g — bl)\‘g ()\151 - 1\361 -+ /\3!}{]61), a1 = tblj (9)
@23a3:a(4$b2ﬁb3ZbQZC2$C3:C4:D )\Q:i}\;i,

where by, by, A1, Az, 1 and g are arbitrary constants,

Case 3.
ay = iby, Ay = ik,
bye i
c = -—1——2-, ay = —————()\152 “+ Azcg + A;gbobg)» (10)
bg bZAS
az = tha by =by=ag=ag=cy=0c4=0

where by, by, ba, A1, Az, 2 and ¢y are arbitrary constants.

Clase 4.
i = ibz, .z\z == —’i)\;gb{), (g == ibz,
1)1(:2 . .
0y = Ag = 4Ag, ay = 1b .
1 bg 2 3 4 4 (i].)
bsc ic
ey = ap = =+, by =az=c3=10
by ba
where by, by, ba, bs, Az, co and ¢y are arbitrary constants,
Case 5.
ay = by, Ay = 1As, ag = tby,
. . c3by p bacy
ag = b3, o= —, g = —
8 & Ty Pl
i
iy = ———(Albg + )\38+3 + /\;gbgbg}
bg}\a

where by, by, ba, ba, A1, Az, ca and ¢y are arbitrary constants.

Case 6.
i — 'l:f)l, /\1 - -—i/\gbgq g = ib4,
b+ e
£ = -%Z—s, g = ’tbg, )\2 = ’i)\j (13)
flo:ﬂ, g = by = cp =1,
ba

where bo, by, b3, ba, Az, ez and ¢g are arbitrary constants.



Case T.

oy = —ibyag, ¢y = —ibgag, Cg = —ibsayg,
/\1 - —)\35{), a; = ’ib}, 3 = 7?;@051 14
/\2 = ﬁAg, g — ?:bg, a4 = £b4 ( ' )

where by, b1, by, by, by, Ag, ag and ¢, are arbitrary constants.

3 Class of Solution

In this way, we able to construct the wave solution for the system (1) in the
form

Case 1. the solution of the system {1} with {8) takes the form

vig)y = jbc—i + ibgen(€) + ibasn®(€) + ihgen(&)sn(€)
3
V(€)= by + baen(€) + bysn®{€) + baon{€)snié}
‘ bacs _ b
P(g)= o+ = en(€) + easn®(€) + 5 ten(€)sn(e)
3 3
where by, b, by, ba, A3, ¢o and ¢4 are arbitrary constants and £ = — \gbgi+
Aaliz + ).
Case 2. the solution of the system (1) with (9) takes the form
Uig) = ‘%””(Albl + Ascy 4 Azboby) + ibysn(€)
b})\g
VI{g) = by + bisa(€)
P&} = ¢y + cysn(&)
where by, b1, As, ¢y and ¢; are arbitrary constants and £ = A+ Mg iz +
y)-

Case 3. the solution of the system (1) with (10) takes the form

[Jr(cf) e —-3——()\13)2 + }\362 + )\3505)2) + ?:blsll(ff) - ibgcn(f)

T bydg
V(&) = by + bisn(€) + byen(§)
Plg) = co+ %%Sn(f) + eaenBE)

where by, by, ba, A3, A1, g and ¢; are arbitrary constants and & = At +
/\3 (?iﬂ -+ ’lj)

Case 4. the solution of the system {1} with (11} takes the form

e

m@:f+mm@+mm@+mm@m@

2

V(&) = by + bysn(€) + baen(E) + byen(€)sn(€)

PUE) = e+ 2 Ron(e) + caen() + P en(©onte)
2 2



where by, by, by, by, A3, ¢o and ¢p are arbitrary constants and & = —Asbyt+
As{iz +y).

Case 5. the solution of the system (1) with (12) takes the form

U(E) = 5—%\—()\1()3 + A3(3+S + )\3]}01)3) Es iblsn(f) + ibgcn(é) + "';1)381’]‘2(5)
343

VI{E) = by + bysa(€) + baen{€) + byen(€)

P& = e+ 2% 1 % ey 1 ausn®(e)

by by

where by, by, bo, b3, A1, da,cg and ¢y are arbitrary constants and £ =

Case 6. the solution of the system (1) with (13) takes the form

mg:%f%M%@Hm@ﬁ@+%ﬁdﬁm@

V(&) = by -+ brsn(€) + bssn?(€) -+ byen(E)sn(&)

P&y = e+ B 2sn(e) 1 cami?{e) + Lonen(e)

where bg, by, bz, by, A, ¢p and ¢ are arbitrary constants and & = — Aybyf+
Ag iz -+ yh.

Case 7. the solution of the system (1) with (14) takes the form
U{€) = ap + ibysn(€) + ibyen(€) + dhasn®(£) + ibsen(£)sn{€)
V(&) = bo + bisnf€) + boen(€) + bgsn®(£) + byen(£)sn(€)
P(&) = cy — daghisn{€) — iaghsen(€) — ibgapsn®(€) ~ iaghyen{€)sn(E)

where by, by, ba, b3, bs, Ay, co and gy are arbitrary constants and £ =
""“/\3b015 + )\3(153 o y)

4 An Algebraic Method

For Drinfeld-Sokloy-Wilson equations

e+ popy = 0,

15
0y T Pxe + TP + s, = 0, (15)

where p.g,r and s are arbitrary parameters. Likewise, let ¢(t,z) = ¢*(£),
w(t,z) = ¢*{(&) and £ = & — ct, then the system (1) becomes

#f #, %t
e’ —pptpt =0,
£ wit + el s (16)
o’ —gpT T =Py s =0
From balancing idea we get
b = by + b+ bap?{£),
: 0 19+ b2 (&) (17)

{rO* = g + al@(&)w



where

FE) = my/eo + erd(€) + g (&) + caPI(E) + ca ().
Substituting (17) into (16) and using Maple, we obtain a system of algebraic
equations

2byme — aimp = 0,
byom — pmaiag = (4,

—3qaymies — rmayby — smarhy — 2smaghs = 0, {18)
—rma;bs — Bgmagcg — 28may by = 9,

omay — gmlaice — smaghy — a1 bg = 0.

Solving system (18), we get a solution of the form

1 . Piliig
by = —pa?, by = 2
2 4?}&1, 1 -
2 2
—C - gmccy — spag/c aapir + 2s
by = : o/ ) cy = —Pw (19)
¥ 3ymc

pailr + 2s)
12gm-¢
with ag, 4y, ¢, 01, 02 are arbitrary. Take ag = 0 the system (19) becomes

Cq —

1,
bg — *"é}’)(},f, f)} - G,
—_— e,
by = AT 2 es = 0, (20)
-

o pai(r + 2s)
4T T agm?

with ay, oo, ¢4, ¢z are arbitrary.

I. When ep = o1 = ¢3 = 0, we obtained

B = Jj—?sech (—v/e2¢)

. Then the solution in (17) take the form

i. When ¢p = 0, ¢4 < 0 then
2

2 E 2
L  —C—gmTcp 1, —12gmcy
/ —— - A —————— 1 by
% . 5Po1 [ 5%+ 2s) sechy/cal

. ~12gm2cy
P B i N0
e pai(r + 2s) sechy/es

2. When c; < 0 and one of p, g or r is negative and the rest is nonnegative

with 5 > 0 then we have
2

.2 2
W —Cegmtey 1 4 —12gm=cy r "
= - - g gech [ — /=
v r 7P 1: pai(r + 2s) i 2t

—12gm* ey
pat(r + 2s)

sech [— \/7(:25} .



12¢3m (1 — mn*?
II. When ¢z > 0 and ¢ = Ul AL L , then we have
pad{r + 28} (2m*? — 1)2°

H == <0 en - 13
= eo{l —m=2) TN (2mr? - 1)

and hence we have

e O qm 2 l —m*
b c (Em*2
—m*3c
.
v an
(’4(2m

Where m™ is modulus will appear in the Jacobic doubly periodic solutions.

123m* gm? _
M1, When ¢z < 0 and ¢ = — ‘gm ? ——, in this case the scliton
pai(r + 28} {(m** + 1)

solution takes the form

J 2
o= —C -~ gmies B lpag ‘ —12com*2gm? - —rg ¢
r 27 peilr +2s)(m? + 1) Y (mr?t 1)

. 1 —12cam™ gm N -y ¢
= aym g .
v ' pad(r + 2s)(m** + 1) (m=2 +1)

12cigm?

V. f ez = o3 :Oa,ndc(lzm

where cp and a; are arbitrary, ¢y =

pa?(r + 2s)
12¢gm?
on the parameters

, consequently, the soliton solution takes the form depending

(L Iep <0(p <0 grs>00rq =<0, pr,s > 0). In this case if
m” -+ 1 then sné — tanh ¢, consequently

e G gmiey 2oy 1 4 *1252qm \/“
A e
Y 5P pal(r + 23 )

—12e0gm?
el 0}
pai{r + 2s)

(2) If ey = 0, and p,q,r,s > 0, and m* — 0
—12¢; qm
2 [~ 5}
pa (r+2
—12coqm?* —¢
st e
pai{r + 2s) 2

2

— = e 1

'l/}* — m.._____I_____z, — #pa% {7“
r 2




V. When r = —2s, then ¢4 = 0 and if c3 = 0, ¢y, 3 and ¢ are arbitrary
constants, then we chtained

- ey . . C2
= ./ — ginh{/comné&) + —.
¢ \/ o {Vcomé) o
I this case the soliton solution take the form
c
(1) If = = 0, then
2
. —c—gmPey + spad T ca] 1 o Jao e ]”
A — pa g i_ — sinh{/egmé) + MJ + Pt - sinh{/ecgmé) + —‘—J
1 [55] =) 1

s

&'y ‘
" =ag + oy \/;smh(-\/f‘:amf) * ;Z
) °y

(2 1t 0 0, then

Co

-

2. 2 2
. —C—gm“ce + spa C cal 1 € C2
P o= TL2THR Paag i_ﬂ / 29 cosh(~/comé) + Eﬂ + éw'pa% & f Egcosh(‘\/c{)*mg) + ;—7—}
-1 L -1

T

. I e
e = ag +oag Vfg coshi\/comé) + f
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