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Abstract

In this paper, we introduce the concept of a left bicrossproduct Hopf
algebra associated to a factorization of a finite group X into a subgroup
G and a subsemigroup M. Moreover, we show that for a left Hopf algebra
H = kM 4 k(G) associated to a factorization X = GM of a group
X into a subgroup G and a subsemigroup M with identity and left
inverse property, there is a left Hopf algebra isomorphism H — H*
which sends basis elements to basis elements can be constructed from a
factor-reversing isomorphism of X = GM and vise versa.
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1 Introduction

Bicrossproducts which are associated to a factorization of groups are essen-
tial in the field of non-commutative and non-cocommutative Hopf algebras.
Bicrossproduct Hopf algebras have many applications in quantum mechanics
and geometry and the interrelation between them (see [8]). These algebras
and their dual were extensively studied in [1], [2], [4], [5] and [§].

In [4], Beggs, Gould and Majid showed that basis-preserving self-duality
structures for the bicrossproduct Hopf algebras are in one-to-one correspon-
dence with factor-reversing group isomorphisms.

In [6], Green, Nichols and Taft defined a left Hopf algebra to be a k-
bialgebra (B, m, A, i, € : k) with a left antipode S, i.e., S € Homy(B, B) and
S xid = pe.

In This paper, we generalize some results of [4] using this definition of
left Hopf algebra in specific case. More specifically, we show that for a left
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Hopf algebra H = kM >4 k(G) associated to the factorization X = GM
of a group X into a subgroup G and a subsemigroup M with identity and
left inverse property, where k(G) is the Hopf algebra of function on G and
kM is the semigroup left Hopf algebra of M, there is a left Hopf algebra
isomorphism H — H* which sends basis elements to basis elements can be
constructed from a factor-reversing isomorphism of X = GM. Conversely,
we show that for a factorization X = GM of a group X into a subgroup G
and a subsemigroup M whit identity and a left inverse property, a factor-
reversing semigroup isomorphism of X = GM can be obtained from a left
Hopf algebra self-duality pairings <, >: H ® H — k on the left Hopf algebra
H = kM > k(G).

2 Self-duality of bicrossproducts

Here we introduce the concept of bicrossproduct left Hopf algebras associated
to factorization of a group into a subgroup and a subsemigroup with identity
and a left inverse property. The left inverse for an element m € M will be
denoted by m?, if it exists. We need the following definitions:

Definition 2.1 let X = GM be a factorization of a group into a subgroup G
and a subsemigroup with identity and a left inverse property M. A bialgebra
H = kM v k(G) with basis m & 0, where m in a subsemigroup M and g in
a subgroup G s called a left Hopf algebra if there is a one-sided antipode map
S such that

S(m @ 8,) = (m <1g)" © 8oy 1.

Definition 2.2 Let X = GM be a group factorization. We define a semigroup
isomorphism 0 : X — X to be factor-reversing if (G) C M and (M) C G.

Now, let X = GM be a group which factorizes into a subgroup G and a
subsemigroup with identity M. Then M acts on G through the right action
>: M x G — G and G acts on M through the left action <: M x G — M.
These actions are defined by the unique factorization

mg = (m > g)(m < g), (1)

where m € M and g € G. According to [4], it is easy to show that these
actions obeying the following conditions for all m,m; € M and g,g, € G :

m<Je=m,(m<g) g =m<(g9g1);e<1g=e, (2)

(mmy) < g=(m < (mi > g))(m < g), (3)
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e>g=gmb> (m>g) = (mm)>gmb>e=e, (4)

m > (gg1) = (m > g)((m < g) > g1). (5)

It can be seen that we can associate to this factorization a bicrossproduct
bialgebra H = kM 4 k(G) with basis m ® 0, where m € M and g € G. The
product, unit, coproduct and counit are defined as follows:

(m @ 59)(7”1 ® 591) = 6977711 >g1 (mm1 ® 691)7 (6)

ly=) e®d,, (7)

g

Am@s) = > m&,®m<z)®0s,, (8)
z,yeG:xy=g
eg(m ® dg) = g . 9)

If M posses a left inverse m” for each m € M, then H becomes a left Hopf
algebra and the antipode will be given by:

S(m (029 5g) = (m < g)L X 5(m[>g)—1- (10)

Due to these formulas, it can be noted that H = kM >4 k(G) has the
smash product algebra structure by the induced action of M and the smash
coproduct coalgebra structure by the induced coaction of G.

In the symbol H = kM >4 k(G), kM is the semigroup left Hopf algebra
of the semigroup with identity and the left inverse property M. A basis of
kM is given by the elements of M, with multiplication given by the semigroup
product in M, and comultiplication given by Am = m ® m for m € M. Also,
k(G) is the Hopf algebra of functions on G with basis given by ¢, for g € G.
The product is just multiplication of functions, and the coproduct is

Ady= > 5,0,

z,y€eG:xy=g
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In addition, a dual bicrossproduct bialgebra H* = k(M) »1 kG can be
defined with basis d,, ® g where m € M and g € G. The product, unit,
coproduct and counit are defined as follows:

(6m X g)(5m1 X gl) - 5m<19,m1 (6m o2 ggl)a (11>

1H*:Z(Sm®e, (12)

Abn®g)= Y. 6,e0rga6g, (13)
a,beM:ab=m
6H*((Sm(®9> :5m,e' (14)

If M posses a left inverse m* for each m € M, then H* becomes a left Hopf
algebra and the antipode will be given by:

S0 ® g) = Simag @ (Mm>g)~". (15)

Proposition 2.3 For a left Hopf algebra H = kM 4 k(G) associated to a
factorization X = GM of a group X into a subgroup G and a subsemigroup
M with identity and left inverse property, where k(G) is the Hopf algebra of
function on G and kM 1is the semigroup left Hopf algebra of M, there is a
left Hopf algebra isomorphism H — H*, which sends basis elements to basis
elements, can be constructed from a factor-reversing isomorphism of X = GM.

Proof. We define a linear map 0:H — H* by

0(m ® dg) = Gg(m-g) @ B(m < g) (16)

and verify that this is a left Hopf algebra isomorphism 6 : kM k(G) —
k(M) »< kG whenever 6 is a semigroup isomorphism. Suppose that 0 is a
semigroup isomorphism. Then

((my > g1)(m1 < g1))

Q(mlgl) =0
= 0(my > g1)0(m1 < g1),

and

0(mig1) = 0(m1)0(g1).
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The condition that these two expressions are the same is that, for all m; and
g1,

0(m1)0(g1) = 0(m1 > g1)0(my < g1)

(0(m1 > g1) > 0(my < g1))(0(ma > g1) < O(my < g1)).

So, by the uniqueness of factorization, we get

0(ma) = 0(my > g1) > 6(m1 < g1), (17)
and

0(g1) = 0(m1 > g1) < O(m1 < g1). (18)

Now, to prove that 0 is a left Hopf algebra isomorphism, we check the condi-
tions for # to be an algebra isomorphism, i.e.,

0((m @ 6,4)(m1 @ dy,)) = O(m @ 6,)0(m1 @ d,),

which we do as follows:

O((m @ dy)(m1 @ d,,)) = 5(5g,m1|>g1 (mmq ® dg,))

= g,m1>9159(mm1>g1) ® e(mml < 91)-

On the other hand,

9(m ® 59)9(7”1 ® 591) = (69(m>9) ® O(m < 9))(56(m11>91) ® 9(m1 < 91))
= 0g(m>g)<0(m<g),0(mi>g1) (Oo(mg) @ O(m < g)0(my < g1))
= 00(g),0(m1>91)00(me-g) @ O((m < g)(m1 <1 g1))  (applying 67)
= Ogmi>g1Omeg ® 0((m <1 g)(m1 < g1)) (putting g = m; > g)
= Og.m159100(mp>(m1 1)) @ O((m < (ma > g1)) (M1 < g1))
= 0g.m15g100(mmisg1) @ O(mmy < gq).

Next, we check the condition for 0 to be a coalgebra isomorphism, i.e.,
AB(m ®6,) = (60 0)A(m ®4,). (19)

We start with

AG(m @ 6g) = A(Ogmeg) ® 8(m < g))
_ 3 5, @ (b>0(m <1g)) @6, @0(m < g).

a,be M :ab=6(mr>g)
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On the other hand,

O20)Ame5,) =00 Y (med)e (m<z)o6,)

z,y€G:xy=g

= Y Imes)©i(mar)©d,)

z,yeG:xy=g

= Z Og(mez) @ 0(m <A x) ® Sp((maz)sy) ® O((Mm <) <y)
z,yeG:xy=g

= Z (59(m>x) X 9(m < IL’) & (59((m<z)>y) &® 9(m < xy).

z,yeG:xy=g
If we put a =60(m > x) and b = 0((m < x) > y), then

ab=0(mrz)0(m<z)>y)
= 0((m>z)((m Q) >y))
O(m > (zy)) = 06(m > g).

By comparing the left hand side of equation (19) with the right hand side, we
should have

This shows that equation (19) is satisfied.

We need now to check the effect of 6 on the unit and counit. We start with
the counit to prove that :

eH*H(m ® 5g) = eH(m ® 5g)

So

e-0(m @ 0g) = €+ (Op(msg) ® (M < g))

= 59(m>g),e'
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To have a non-zero answer we should have (m > g) = e, or (m > g) = 0(e)
which implies that m > g = e since @ is invertible. Applying m*> to both
sides gives
mt>m>g=mtoe
=mfmp>g=e
=eb>g=e
=g=e,

hence

eg-0(m ® 6y) = €+ (Og(mpq) ® 6(m < g))
= 59(m>g),e
=g = €g(m® ).

For the unit, we need to prove that 8(1y) = 15+, which we do as follows:
0(1y) = 00> _e®d,)
g

= Z 59(el>g) ® ‘9(6 < g)

0(er>g)

= doe) @ 0(e)
0(9)

= Z(S@(g) ®e=1lg-.
6(g)

To check that the antipode is preserved, we need the following calculations:

(mg)* = g"m"* = g7'm* = (m > g)(m < g))*

= (m<g)(m>g)=(m<g)(m>g)
=((m<g)>(m>g) ) (m<g)<(m>g)").

1

By the uniqueness of factorization, we should have

gh=g"=((m<g)>(m>g)"), (20)

and

mh = ((m<g) < (m>g)™). (21)
Due to the fact that € is a semigroup isomorphism, we have

0(g") =0(g7") = (6(9)" =b0((m < g)" > (m>g)"), (22)
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O(m") = (6(m))* = (0(m)) ™ = 0((m < g)" < (mr>g)7"). (23)
Moreover, it is needed to prove that the antipode S satisfying
0S(m ® 6,) = SO(m  6,), (24)

which we do as follows:
05(m ®6,) = 0(S(m®4,))
=0((m < 9)" @ Smpg)1)
= Bo((mag)ts(meg-1) @ 0(m < g)" < (m>g)7")
= dp(g)yr @ (0(m)) ™.
On the other hand,
S0(m © ;) = S(O(m @ 6,))
= 5(8g(meg) ® O(m < g))
= 0(0(mg)ab(mag))t ® ((m > g) > 0(m < g))~
= Op(gnr ® (B(m)) ™",

1

as required. B B
Finally, to see that § : H* — H is invertible, we define = : H* — H by

07 (0 @ g) =07 (M D> g) @ 61 (mag), (25)
and we want to prove that :
067 (6, ® g) = id(6,, ® g),
and
07 0(m @ 6,) = id(m © d,),
where 7d is the identity map.
067 (60 ® 9) = 0(0' (0 © 9))
=0(07 (m > g) @ 69-1(mag))
= 0g(6-1 (m>g) >0~ 1(m<19 @00~ (m>g) <0 (m<g))
= 0g(o-1(m)) @ 00~ Y(g)
=0m ®g.
Also,
H(m ® dy))
Op(mi>g) ® O(m < g))
Q(W > g) > 0(m < ) ® dg-1(9(me>g)a6(m<g))

|
[y
AAA

as required. Therefore, 0 is a left Hopf algebra isomorphism. M
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Proposition 2.4 Let H = kM >4 k(G) be a left Hopf algebra associated to
a factorization of a group X = GM into a subgroup G and a subsemigroup
M whit identity and a left inverse property where k(G) is the Hopf algebra
of function on the subgroup G and kM is the semigroup left Hopf algebra of
the semigroup M . Then the we can induce the factor-reversing semigroup
isomorphism of X = GM from a left Hopf algebra self-duality pairings <, >:
H ® H — k on the left Hopf algebra H. The formula for the corresponding
PaITIng s

<M @ dg, M1 @ Ogy >= O f(my1>9)09,6(m1 <g1) - (26)

Proof. Assume that 8 : H — H* which is defined by

0(m @ d4) = So(mg) @ 0(m < g),

is a left Hopf algebra isomorphism which sends basis elements of H to basis
elements of [*. We want to prove that we can induce a semigroup isomorphism
0 from 6. We start with functionsm: M x G — M and g: M x G — G such
that

0 (0 @ g) = m(m, 9) @ Sg(m.g)- (27)

The condition that 6! preserves the unit gives

0~ (1) = 5*1(2 Sm®e)= Y m(m,e)® dyum.e).

g(m.e)

But

0 (1) =07 dm®e) =) e®d, =1g,

g

since 61 is an algebra isomorphism. From these we see that
m(m,e) = e. (28)
Also, the preservation of the counit gives
6H‘gil((ss ® u) = eg(m(m, g) @ dg(m.g)) = Og(m,g).e-

But B
€H9_1(6m & g) = €g+ (6m o2 g) = 5m,ey

since 071 is a coalgebra isomorphism. Putting m = e, we find

gle,g) =e. (29)
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Next, we use the fact that 01 is an algebra homomorphism in the equation
07 (6 © 9) (s © 1)) = 0 (00 @ 9)8 (9, @ 1), (30)
to obtain the following equivalent equations:

571(5m<lg,?m(6m ®gg1)) = (m(m, g) ® 5g(m,g)>(m<mla g1) ® 5g(m1,g1)):

6m<lg,m1971(6m & ggl) - g(m,g)7m(m1,g1)>g(m1,gl)(m(ma g)m(mlu gl) ® 6g(m1,gl))7

or

Omag.ma (MM, 991) @ Sg(m.gg1)) = Og(m.g).m(mi.g1)>a(ma.gr) (MM, g)M(M1, 91) @ Sg(my g1))-

To have a non-zero answer we should have :
m; =m g, (31)
and
g(m,g) = m(my, g1) > g(ma, g1). (32)
Thus, for all m, m; € M and g, g1 € G, we deduce

m(m7ggl) = m(mag)m(mlygl)7 (33>

g(m,gg1) = g(ma, g1). (34)
Note that if we put m = e in (33) and substitute m; = m < g, we get

m(€7ggl) - m(e,g)m(e,gl). (35>
Now, the equations for preservation of the coproduct yield
AT (6 ® g) = A(m(m, ) @ dyin.g))
= ). mmyg) @ mMmyg)<dr)®6,,

z,y€G,xy=g(m,g)

and

AT (6 @g)= (0" ®0 YA, ®g) (since 7" is a colagebra isomorphism)

— 0 '® 51)( Y (ke (g)e (B e g))

a,be M:ab=m

= > 0N Lebeg)e0 (o)

a,be M:ab=m

a,be M:ab=m
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Thus
g(m,g) = g(a,b> g)g(b,g) = g(ab, g).
Putting g = e gives
g(m,g) =g(a,b>e)g(b,e) = g(a,e)g(b,e) = g(ab, ). (36)

From the coproduct formula we also see that m(m,g) <z = m(b,g) where
x =g(a,b> ¢g) and ab = m. Putting b = e here gives

m(m, g) < g(a,g) =m(e, g).

From (36), we have g(m, g) = g(ab, g). Putting b = e gives g(m, g) = g(a, g).
Hence

m(m, g) < g(m, g) =m(e, g). (37)
From (32), with m =m; < ¢! and g = e, we get:

9)

m(my, g1) > g(mi, g1) = g(m

(m,
- g<m1 <g 17 )
- g(ml <9 17 6)
=g(mi<ee) (assg=e,theng'=¢e gcq)
= g<m17 6)
Consequently,
m(my, g1) > g(ma, g1) = g(ma, e). (38)

If we put (37) and (38) together, then

m(m, g)g(m, g) = (m(m, g) > g(m, g))(m(m, g) < g(m, g)) = g(m,e)m(e, ?3,9)

From (34) with ¢g; = e, we have
g(m,g) = g(ma,e).
Also, from (31), we have m; = m < g which implies that
g(m,g) =g(m<g,e).

From the coproduct formula we get m(a,b > g) = m(m, g) and m = ab which
implies that
m(a,br> g) = m(ab, g).
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Putting a = e gives
m(e,br> g) = m(b,g).

Substiuting these equations into (39) gives

m(e, m > g)g(m < g,e) = g(m,e)m(e, g). (40)

Therefore, equations (28), (29), (35), (36), and (40) are all the conditions needed
to prove that the map ¢ : X — X defined by

b(mg) = g(m, e)m(e, g)
= P(m)y(9).

is a semigroup homomorphism. Since G [ M = e, the map 1 is well defined.

If we set § = ¢)~! we see that our original left Hopf algebra map 6 is indeed
that induced by 6. W
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